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be an Artin algebra. In view of the characterization of
finitely generated Gorenstein injective Λ-modules under the condition that M is a cocom-
patible (A,B)-bimodule, we establish a recollement of the stable category Ginj(Λ). We also
determine all strongly complete injective resolutions and all strongly Gorenstein injective
modules over Λ.
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1. Introduction and preliminaries
The notions of Gorenstein projective and Gorenstein injective modules over an
arbitrary ring were introduced by Enochs and Jenda in [5], who formed the basis of
the Gorenstein homological algebra. Let Λ be an Artin algebra. A complete injective
resolution is an exact sequence
I• : . . . −→ I−1 −→ I0
d0
−→ I1 −→ . . .
of injective Λ-modules, such that HomΛ(J, I
•) is also exact for any injective Λ-
module J . A Λ-moduleM is Gorenstein injective if there exists a complete Λ-injective
resolution I• such that M ∼= Im d0. Dually, the notions of a complete Λ-projective
resolution and a Gorenstein projective Λ-module are defined. Let Λ-mod denote the
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finitely generated category of left modules of the Artin algebra Λ. Let inj(Λ) be the
full subcategory of Λ-mod of finitely generated injective modules and Ginj(Λ) the full
subcategory of finitely generated Gorenstein injective modules, and let Proj(Λ) be
the full subcategory of Λ-mod of finitely generated projective modules and Gproj(Λ)
the full subcategory of finitely generated Gorenstein projective modules. By [3],
Remark 4.3, the adjoint pair
(N+ = −⊗Λ D(ΛΛ), N
− = HomΛ(D(ΛΛ),−)) : Λ-Mod → Λ-Mod
induces an equivalence
(N+, N−) : Gproj(Λ)
≈
−→ Ginj(Λ),
where D is the duality of Λ.
Many important applications need explicitly constructing all the Gorenstein pro-






the triangular matrix Artin algebra. Zhang in [12] explicitly described the cate-
gory of finitely generated Gorenstein projective Λ-modules in view of a compati-
ble A-B-bimodule M , and projective left A-module AM . Moreover, he established






per triangulated matrix Artin algebra. It follows from [2], Proposition 2.7, that
proj.dimAM 6= proj.dimMB in general. There also exist three different equiva-
lences:
(N+, N−)Λ : Gproj(Λ)
≈
−→ Ginj(Λ),
(N+, N−)A : Gproj(A)
≈
−→ Ginj(A),
(N+, N−)B : Gproj(B)
≈
−→ Ginj(B).
Thus [12], Theorem 1.4, and [12], Proposition 2.5, are not characterizations for
finitely generated Gorenstein injective Λ-modules. In this paper, we introduce the
notion of a cocompatible A-B-bimodule which is not a dual of a compatible A-B-
bimodule. We describe the finitely generated Gorenstein injective Λ-modules, in view
of the projective right B-moduleMB. Further, we establish the following recollement
of the stable category Ginj(Λ).





be a Gorenstein algebra and MB a projective
module. Then we have the following recollement:







Recently, Bennis and Mahdou [4] investigated a particular case of Gorenstein injec-
tive modules which are called strongly Gorenstein injective modules, and proved that
a module is Gorenstein injective if and only if it is a direct summand of a strongly
Gorenstein injective module, see [4], Theorem 2.7. Note that Gorenstein injective
modules are not necessarily strongly Gorenstein injective. Injective modules are
strongly Gorenstein injective, and the converse is not true in general. However,
in general, not much is known about concrete construction of (finitely generated)
noninjective strongly Gorenstein injective modules, even if the algebras are Goren-
stein. The current paper determines all strongly complete injective resolutions and
all strongly Gorenstein injective modules over an upper triangular matrix Artin al-
gebra Λ. We obtain the following result.





be an Artin algebra and N be a Λ-module. Then


















, where L admits a strongly com-











{(h,j)∈HomA(M,I)⊕J : gh=0, α(h)+β(j)=0}
)
, where I and J are, respectively,
an arbitrary nonzero injective A-module and injective B-module, and α, β, g
satisfy given conditions.
Next we recall some notions and definitions which we need in the later sections.
Duality. Let Λ be an Artin algebra. There exists only a finite number of non-
isomorphic simple Λ-modules S1, . . . , Sn. Let E(Si) be the injective envelope of Si
and let E =
n⊕
i=1
E(Si). Then E is the injective envelope of
n⊕
i=1
Si and the contravari-
ant functor D : Λ-mod → Λop-mod defined by D = HomΛ(−, E) is a duality by [2],
Theorem 3.3, page 38.
If not otherwise stated, throughout we consider Artin algebras and finitely gen-
erated modules. The reason of this assumption is to use the duality of an Artin
algebra.
Upper triangular matrix Artin algebras. Let A and B be rings and M






multiplication given by the one of matrices. We assume that Λ is an Artin algebra:
this is exactly the case when there is a commutative Artin ring R such that A and B
are Artin R-algebras and M is finitely generated over R which acts centrally on M
(see [2], page 72). An algebra C is of this form if and only if there is an idempotent
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e such that (1 − e)Ce = 0. It has an advantage that any Λ-module can be uniquely
























if ϕ is clear, where X ∈ A-mod, Y ∈ B-mod and
ϕ : M ⊗B Y → X



















′) and g ∈ HomB(Y, Y













































−→ X3 −→ 0 in A-mod is exact




−→ Y3 −→ 0 in B-mod is exact. Indecomposable injective





, where I is an indecomposable injective B-






, where J is
an indecomposable injective A-module and ϕ : M ⊗B HomA(M,J) → J is given by
ϕ(m⊗ f) = f(m) for m ∈M and f ∈ HomA(M,J).
Definition 1.1. An (A,B)-bimodule M is cocompatible if the following two
conditions hold:
(C1) If I• is an exact sequence of injective A-modules, then HomA(M, I
•) is exact.
(C2) If J• is a complete B-injective resolution, then HomB(D(AM), J
•) is exact,
where D is the duality of the Artin algebra A.
Lemma 1.2. Let M be an (A,B)-bimodule. Then the following are equivalent:
(1) M satisfies (C2);
(2) Ext1B(HomA(M, I), G) = 0 for all G ∈ Ginj(B) and for all I ∈ inj(A);
(3) ExtiB(HomA(M, I), G) = 0 for all G ∈ Ginj(B) for all I ∈ inj(A) and for all
i > 1.
P r o o f. Note that HomA(M, I) ∈ add(D(AM)) for all I ∈ inj(A), where
add(D(AM)) is the subclass of A-modules consisting of all modules isomorphic to
direct summands of finite direct sums of copies of D(AM). 
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Lemma 1.3. Let M be an (A,B)-bimodule and proj.dimAM <∞.
(1) If proj.dimMB <∞, then M is cocompatible.
(2) If inj.dimMB <∞, then M is cocompatible.
P r o o f. Let I• be an exact sequence of injective A-modules. Consider the
following projective resolution of AM :
0 −→ Pn −→ . . . −→ P0 −→ M −→ 0.
Note that each complex HomA(Pi, I
•) is exact and each term Ii of I• is injective.
We get the following exact sequence of complexes:
0 −→ Hom
A
(M, I•) −→ HomA(P0, I
•) −→ . . . −→ HomA(Pn, I
•) −→ 0,
which implies that HomA(M, I
•) is exact.
Let J• be a complete B-injective resolution. If proj.dimMB < ∞, then [6], The-
orem 3.2.9, implies that inj.dimB D(AM) < ∞. Also if inj.dimMB < ∞, then [6],
Theorem 3.2.16, and [1], Corollary 28.8, imply that proj.dimB D(AM) < ∞. By
a similar argument as above we see that HomB(D(AM), J













, where X ∈ A-mod, Y ∈ B-mod and ψ : Y → HomA(M,X) is a B-

















, where f ∈ HomA(X,X
′)
and g ∈ HomB(Y, Y




































on morphisms, where ϑ : HomA(M ⊗B Y,X) → HomB(Y,HomA(M,X)) is the






















on morphisms is an inverse of H . Hence
H is an isomorphism of categories.
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be an Artin algebra. In this section, in view of the characterization
of finitely generated Gorenstein injective Λ-modules under the condition that M is
a cocompatible (A,B)-bimodule, we establish a recollement of the stable category
Ginj(Λ) relative to Ginj(A) and Ginj(B).












∈ Ginj(Λ) if and only if ϑ(ϕ) : Y → HomA(M,X) is a sur-
jective B-map, Kerϑ(ϕ) ∈ Ginj(B) and X ∈ Ginj(A). In this case, HomA(M,X) ∈
Ginj(B) if and only if Y ∈ Ginj(B).
Thus, if the Gorenstein symmetric conjecture (i.e., for an Artin algebra A,
inj.dimAA < ∞ if and only if inj.dimAA < ∞) holds, then Λ is Gorenstein if and
only if A and B are Gorenstein, proj.dimAM < ∞ and proj.dimMB < ∞, where





. Here we have the following result.













∈ Ginj(Λ) if and only if ϑ(ϕ) : Y → HomA(M,X) is a surjective B-map,







∈ Ginj(Λ) implies X ∈ Ginj(A);
(3) M satisfies (C1);
(4) M is cocompatible;
(5) B is Gorenstein;




(10) inj.dimB B <∞.
P r o o f. The equivalences between (5)–(10) follow from [12], Lemma 2.2. The
implication (1) ⇒ (2) is trivial.
(2) ⇒ (9) Since Λ is Gorenstein and inj.dimΛΛ = n, it follows from [6], Theo-
rem 11.2.1, that each Λ-module N has Gorenstein injective dimension at most n,






−→ L0 −→ . . . −→ Ln−1 −→ G −→ 0,
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, which is exactly induced by an injective resolution of D(AA); and
the second equality follows from dimension shift). By the assumption X ′ ∈ Ginj(A),
it follows that Extn+1A (D(AA), X) = Ext
1
A(D(AA), X
′) = 0. This proves that
proj.dimD(AA) <∞, and so inj.dimAA <∞.
(9) ⇒ (3) Let I• be an exact sequence of injective A-modules. Since Λ is
a Gorenstein algebra and inj.dimAA < ∞, it follows from [12], Theorem 2.2, that
proj.dimAM <∞. This implies that HomA(M, I
•) is exact.
(3) ⇒ (4) Let J• be a complete B-injective resolution. Since Λ is a Gorenstein
algebra, inj.dimAM <∞ by [12], Lemma 2.1, and so proj.dimB D(AM) <∞ by [6],
Theorem 3.2.16, and [1], Corollary 28.8. This implies that HomB(D(AM), J
•) is
exact.
The implication (4)⇒ (1) follows from Lemma 2.1. This completes the proof. 
For an Artin algebra Λ, the stable category Ginj(Λ) is triangulated, where
Ginj(Λ) has the same objects as Ginj(Λ), and HomGinj(Λ) (X,Y ) = HomΛ(X,Y )/
HomΛ(X, inj(Λ), Y ), where HomΛ(X, inj(Λ), Y ) = {f ∈ HomΛ(X,Y ) : f factors
through an injective module}.
Let IndGinj(Λ) (or, Ind inj(Λ)) denote the set of indecomposable Gorenstein in-
jective (or, injective) Λ-modules. We have the following consequence.





be a Gorenstein algebra.














: I ∈ Ind inj(A)
}
.
In particular, we have a triangle equivalence Ginj(Λ) ∼= Ginj(B).













: J ∈ Ind inj(B)
}
In particular, we have a triangle equivalence Ginj(Λ) ∼= Ginj(A).
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∈ Ginj(Λ). By assumption and Proposition 2.2 (1), we
have the following exact sequence:
0 −→ Kerϑ(ϕ) −→ Y
ϑ(ϕ)
−→ HomA(M,X) −→ 0
with X ∈ Ginj(A) and Kerϑ(ϕ) ∈ Ginj(B). Since gl.dimA < ∞, X = I ∈ inj(A)
by the dual of [9], Proposition 2.27. Since gl.dimA < ∞, it follows from Proposi-
tion 2.2 (8) that proj.dimMB < ∞. Then inj.dimHomA(M, I) < ∞ by [6], Theo-
rem 3.2.9, and so Ext1B(HomA(M, I),Kerϑ(ϕ)) = 0. Thus the exact sequence above































in Ginj(Λ). Therefore the exact functor












∈ Ginj(Λ). By assumption and Proposition 2.2 (1), we have the
following exact sequence:
0 −→ Kerϑ(ϕ) −→ Y
ϑ(ϕ)
−→ HomA(M,X) −→ 0
with X ∈ Ginj(A) and Kerϑ(ϕ) ∈ Ginj(B). Since gl.dimB < ∞, it follows that

































in Ginj(Λ). Consider the following
equivalence:







Since gl.dimB < ∞, it follows from Proposition 2.2 (7) that proj.dimAM < ∞.
Thus F is an exact functor and F induces a triangle equivalence Ginj(Λ) ∼= Ginj(A).

Let T ′, T and T ′′ be triangulated categories. The diagram of exact functors
(∗) T ′ i∗ // T
i∗oo
i!oo




is a recollement of T relative to T ′ and T ′′, if the following four conditions are
satisfied:
(R1) (i∗, i∗), (i∗, i
!), (j!, j
∗) and (j∗, j∗) are adjoint pairs;
(R2) i∗, j! and j∗ are fully faithful;
(R3) j∗i∗ = 0;












For the diagram (∗) of exact functors, under the conditions (R1), (R3) and (R4),
one has
(R5) Im i∗ = Ker j
∗;
(R6) Im j! = Ker i
∗;
(R7) Im j∗ = Ker i
!.
Theorem 2.4 ([12], Theorem 3.2). Let (∗) be a diagram of exact functors of
triangulated categories. Then the following are equivalent:
(1) The diagram (∗) is a recollement.
(2) The conditions (R1), (R2) and (R5) are satisfied.
(3) The conditions (R1), (R2) and (R6) are satisfied.
(4) The conditions (R1), (R2) and (R7) are satisfied.
A right recollement of a triangulated category T relative to triangulated categories
T ′ and T ′′ is a diagram of exact functors consisting of the lower two rows of (∗),
satisfying all the conditions which involve only the functors i!, i∗, j
∗, j∗. Note that
the corresponding version of Theorem 2.4 also holds for right recollements.





































then the induced B-map Kerϑ(ϕ) → Kerϑ(ϕ′) factors through an injective B-







7→ Kerϑ(ϕ) induces a functor i! : Ginj(Λ) → Ginj(B).
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which is fully faithful. By Lemma 2.1 there is a unique functor






which is fully faith-






By construction of a distinguished triangle of the stable category A of a Frobenius
category A (see [8], Chapter 1, Section 2), it follows that the functors i!, i∗, j
∗, j∗
constructed above are exact functors.
By construction we have Im i∗ ⊆ Ker j















∈ Ker j∗. Then Lemma 2.1 yields an exact sequence 0 → Kerϑ(ϕ) →
Y
ϑ(ϕ)
→ HomA(M, I) → 0 with Kerϑ(ϕ) ∈ Ginj(B). Since M is cocompatible, we

































∈ Λ-mod, X ′ ∈ A-mod and Y ′ ∈ B-mod. Clearly we have the isomor-




















, where ι : Kerϑ(ϕ) → Y is the inclusion. Also we have the






















































in ΛC if and only if the induced B-map Y
′ → Kerϑ(ϕ) factors through an injec-
tive B-module J . This implies that the isomorphism (2.1) induces the following
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That is, (i∗, i
!) is an adjoint pair.


























in ΛC if and only if
f : X → X ′ factors through an injective A-module I. This implies that the isomor-

















That is, (j∗, j∗) is an adjoint pair.
Now Theorem 2.5 follows from the right version of Theorem 2.4. 





be a Gorenstein algebra and MB a projective
module. Then HomA(M,X) ∈ Ginj(B) for X ∈ Ginj(A).
P r o o f. Let I• : . . . → I−1 → I0
d′0
→ I1 → . . . be a complete A-injective reso-
lution with X ∼= Im d′0. Then Proposition 2.2 (8) and (3) imply that HomA(M, I
•)
is exact, and hence HomA(M,X) ∼= Im(Hom(idM , d
′0)). Since MB is projective, it
follows that HomA(M, I
•) is an exact sequence of injective B-modules. Since Λ is
Gorenstein and MB is projective, it follows from Proposition 2.2 (5) that B is also
Gorenstein. Let J be an injective B-module. Then proj.dimB J < ∞, and hence
HomB(J,HomA(M, I
•)) is exact. This implies that HomA(M, I
•) is a complete in-
jective resolution. Thus HomA(M,X) ∈ Ginj(B). 





be a Gorenstein algebra and MB a projective
module. Then we have the following recollement:








P r o o f. It follows from Proposition 2.2 (8) and (4) that M is cocompatible.
Therefore Theorem 2.5 implies that there are exact functors i!, i∗, j
∗, j∗ such that


























in ΛC , then g : Y → Y
′ factors through an injective B-
module J ⊕ HomA(M, I), where HomA(M, I) is an injective B-module since MB
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We claim that there exists a unique fully faithful functor j! : Ginj(A) → Ginj(Λ)






, where J ∈ inj(B) such that there is an exact sequence 0 →
Kerϑ(σ) → J
ϑ(σ)
→ HomA(M,X) → 0 with Kerϑ(σ) ∈ Ginj(B). We justify this claim
as follows. Let AX ∈ Ginj(A). By Lemma 2.6 HomA(M,X) ∈ Ginj(B), hence there
is an exact sequence 0 → Kerσ → J
σ
→ HomA(M,X) → 0 with Kerσ ∈ Ginj(B)
and J ∈ inj(B). Let f : X ′ → X be an A-map in Ginj(A) and J ′ ∈ inj(B) such
that 0 → Kerσ′ → J ′
σ′
→ HomA(M,X
′) → 0 is exact with Kerσ′ ∈ Ginj(B). Since
Ext1B(J
′,Kerσ) = 0, we have a commutative diagram
0 // Kerσ′











σ // HomA(M,X) // 0.
Note that one can take f = idX . If we have another map g
′ : J ′ → J such that
σg′ = Hom(idM , f)σ
′, then g − g′ factors through Kerσ. Since Kerσ ∈ Ginj(B),































∈ Ginj(Λ) (σ = ϑ−1(σ)) is independent of the choice












. Assume that f : X ′ → X factors through an injective A-module I with
f = f2f1. Since HomA(M, I) ∈ inj(B), it is a projective object in Ginj(B). Thus
there is α : HomA(M, I) → J such that Hom(idM , f2) = σα. Since
σ(g − αHom(idM , f1)σ
′) = 0,
there is g̃ : J ′ → Kerσ such that ιg̃ = g − αHom(idM , g1)σ
′. Let σ̃ : J̃ → Kerσ
























. Therefore j! : Ginj(A) → Ginj(Λ) induces a functor
























in ΛC , then
f factors through an injective A-module I. Thus j! is fully faithful.
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in ΛC if and only if g : Y → Y
′ factors through an injective
B-module J ⊕ HomA(M, I). Therefore the isomorphism (2.3) induces the following












∼= HomGinj(B) (Y, Y
′).





































in ΛC if and only if f : X
′ → X






















And that is, (j!, j
∗) is an adjoint pair.
Therefore Theorem 2.4 yields the recollement of Ginj(Λ) relative to Ginj(B) and
Ginj(A) in Theorem 2.7. 
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3. Strongly Gorenstein injective modules
over triangular matrix algebras
In this section, we determine all strongly complete injective resolutions and all
strongly Gorenstein injective modules over upper triangular matrix Artin algebras.
Following Bennis and Mahdou [4], a complete injective resolution of the form








−→ . . .
is called a strongly complete injective resolution and denoted by (I•, f). A Λ-module
X is called strongly Gorenstein injective (SGinjective for short) if X ∼= Im f for some
strongly complete injective resolution (I•, f). Denote by SGInj(Λ) (or, SGinj(Λ))
the full subcategory of SGinjective modules in Λ-Mod (or, in Λ-mod).
Lemma 3.1. For an Artin algebra Λ, we have SGinj(Λ) = SGInj(Λ) ∩ Λ-mod.
P r o o f. This follows from [3], Remark 4.3, and [7], Proposition 1.1. 
Given a datum (I, J, α, β, g), where I and J are injective A-module, and injective














: X −→ X,
where the Λ-action on X is given by (ϕ, 0): M ⊗B (HomA(M, I)⊕J) → I, where ϕ :











is an injective Λ-module. It is clear that f : X → X is a Λ-map. Here I and J could
be zero.
Consider the following conditions (i)–(v):






−→ . . . is exact;






−→ . . . is a complete B-injective resolution;
(iii) βα+ αHom(idM , g) = 0;
(iv) if gh = 0, α(h) + β(j) = 0, then there exists (h′, j′) ∈ HomA(M, I) ⊕ J such
that h = gh′, j = α(h′) + β(j′);
(v) for any indecomposable injective A-module I ′, if
(t, s) ∈ HomB(HomA(M, I
′), J)⊕ HomA(I
′, I)
with gs = 0, αHom(idM , s) + βt = 0, then there exists (s
′, t′) ∈ HomA(I
′, I) ⊕
HomB(HomA(M, I
′), J) such that s = gs′ and t = αHom(idM , s
′) + βt′.
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Lemma 3.2. Given a datum (I, J, α, β, g) as above, if the conditions (i)–(v) are
satisfied, then






−→ . . .
is a strongly complete Λ-injective resolution; conversely, any strongly complete Λ-
injective resolution is of the form (3.2) with X and f given in (3.1), satisfying the
conditions (i)–(v).
P r o o f. “⇒” It follows from (i)–(iii) that
(
Hom(idM , g) 0
α β
)(





















, it follows that
Ker
(









and hence (i) implies that the sequence X• is exact. Let J ′ be an indecomposable













































Put Y = HomA(I
′, I) ⊕ HomB(HomA(M, I
′), J). By (i)–(iii), we see that the se-
quence






−→ . . .
is a complex, where φ(s, t) = (gs, αHom(idM , s)+ βt) for any (s, t) ∈ HomA(I
′, I)⊕
HomB(HomA(M, I



















is exact. Therefore X• is a strongly complete Λ-injective resolution.
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→ . . . be a strongly complete Λ-injective































= 0, we get γ = 0, i.e., f is given as in (3.1). By





























, we see that
HomB(J
′, J•) is exact and that (v) is satisfied. This completes the proof. 
Keeping the notations as before, we put
D(AM)























∈ Λ-mod: I ∈ SGinj(A)
}
.





. Then N is a SGinjective


















, where L admits a strongly com-






→ . . . and ImHom(idM , g) =
HomA(M, Im g);





, where f is given in (3.1), I
and J are, respectively, an arbitrary nonzero injective A-module and injective
B-module, and α, β, g satisfy the conditions (i)–(v).























∼= HomB(HomA(M, I), J
•)
is exact for any indecomposable injective A-module I. Therefore J• is also a strongly












, where L ∼= Im g ∈ SGinj(A) with






→ . . . such that
ImHom(idM , g) = HomA(M, Im g). It is easy to verify that the sequence of injective
objects in ΛC





















−→ . . .





. Hence [11], Proposi-
tion 3.6, implies that N ∼= Im f is a SGinjective Λ-module.
Case (3) follows directly from Lemma 3.2.
“⇒” If N is a SGinjective Λ-module, then N ∼= Im f , where f is the Λ-map
which occurred in a strongly complete Λ-injective resolution X•. By Lemma 3.2,
X• is of the form (3.2), where X and f are given in (3.1) satisfying the conditions
(i)–(v). If I = 0 in (3.1), then α = 0, g = 0, and hence by (ii) and (iv), we
know that X• is also a strongly complete B-injective resolution; and (v) means that
HomB(D(AM), X
•) is exact, which implies N ∼= Im f ∈ D(AM)
⊥. Thus N is of
the form (1). If J = 0 in (3.1), then α = 0, β = 0. By (i) and (v), we see that






−→ . . . is a strongly complete A-injective resolution; and
by (iv), we have ImHom(idM , g) = HomA(M, Im g). It follows that
















Case (3) follows directly from (1) and (2). This completes the proof. 





















































, where X ∈ SGinj(A) and L ∈ SGinj(B).


















→ . . .
a strongly complete B-injective resolution. But M is cocompatible, it follows that
HomB(D(AM), J


























, where X ∼= Im g ∈ SGinj(A)






→ . . .. Then
HomA(M, I








Case (3) follows directly from (1) and (2). 
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